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Abstract 
This paper provides quick recognition of approximate fibrations among certain PL maps by 
identifying fibrators. A closed connected orientable n-manifold N is called a codimension k PL 
fibrator if, for all PL maps p : A4 -+ I3 on a PL (n + k)-manifold It4 such that each p-lb 
collapses to a copy of N, p is an approximate fibration. As codimension 2 fibrators are fairly well 
understood, the paper emphasizes codimensions k > 2. Here are some of its key results, all stated 
for a codimension 2 PL fibrator N. If aspherical, N is a codimension 3 PL fibrator. If its universal 
cover is closed and (k - I)-connected, k < 6, then N is a codimension k PL fibrator. If N is 
3-dimensional and xi(N) # Z’2 * &, then N is a codimension 3 fibrator. Again for 3-dimensional 
N, if ~1 (N) is normally cohopfian and either N is aspherical or Hi(N) is infinite, then N is a 
codimension 4 PL fibrator. If N is aspherical, ~1 (N) is normally cohopfian, and xr (N) has no 
proper normal subgroup isomorphic to nl(N)/A w h ere A itself is an Abelian normal subgroup 
of ~1 (N), then N is a codimension k PL fibrator for all k. In particular, the final statement holds 
for all hyperbolic 3-manifolds as well as for those with two other geometric structures. 
Keywords: Approximate fibration; PL fibrator; Hopfian group; Cohopfian group; Hyperhopfian 
group; Hopfian manifold; Homology stable map; Wang cohomology sequence 
AMS classi$cation: Primary 55R65; 57N15, Secondary 55P20; 57N12; 54B15 
A continuation of earlier investigations into proper mappings defined on (n + Ic)- 
manifolds and having closed manifolds as point preimages, this paper, like [7], examines 
certain PL aspects of the subject. Its primary aim is to identify closed n-manifolds N 
such that, for particular values of Ic, any (proper) PL map defined on an (n + Ic)-manifold 
is necessarily an approximate fibration whenever all point preimages are copies of N. 
Results here demonstrate that a surprisingly extensive collection of manifolds N has this 
desirable attribute for all k. 
Generally, in the study of proper maps defined on manifolds such that all point preim- 
ages are closed manifolds, a central theme is to understand relationships among domain, 
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image, and fiber(s). A satisfactory solution occurs when p : M + B is an approximate fi- 
bration, for then, just as with Hurewicz fibrations, there is a homotopy exact sequence [3] 
. . . -+ ri+l (B) + q(p-‘b) + ri(M) + ni(B) -+ . . . 
providing theoretically computable information about any one of these three objects when 
corresponding data about the other two is known. In order to exploit this easily, it becomes 
desirable to develop natural conditions under which maps are automatically approximate 
fibrations. With any PL approximate fibration defined on a connected domain, the various 
point preimages are homotopy equivalent. Manifolds N in the collection mentioned 
above sustain a simplest possible converse: given a PL map p : M + B defined on a 
PL manifold M such that, in a tame PL sense, each p-lb is homotopic equivalent to 
N (specifically, each p-lb collapses to an n-complex homotopy equivalent N), p is an 
approximate fibration. 
In the space of maps between two compact ANR’s, topologized with the sup-norm 
metric, the approximate fibrations, unlike pure fibrations, form a closed subset. Due to 
their lifting properties, approximate fibrations fill much the same role for maps between 
manifolds of different dimensions as cell-like maps do for maps between manifolds of 
the same dimension. Goad [ 181 has developed a semisimplicial classifying space for PL 
approximate fibrations. 
For future reference we fix once and for all the notation to be employed throughout: 
M is a connected, orientable (usually), PL (n + k)-manifold, B is a polyhedron, and 
p : M -+ B is a PL map such that each p-‘b has the homotopy type of a closed, 
connected n-manifold. When N is a fixed and orientable, such a (PL) map p: M -+ B 
is said to be N-like if each p-lb collapses to an n-complex homotopy equivalent to N 
(this PL tameness feature imposes significant homotopy-theoretic relationships, revealed 
in Lemma 2.4, between N and preimages of links in B). We call N a codimension k PL 
jibrutor if, for all orientable (n + k)-manifolds M and N-like PL maps p: M t B, p 
is an approximate fibration. Finally, if N has this property for all Ic > 0, call N simply 
a PL jibrator. 
Attention here is directed to k 3 3. Codimension 1 fibrators are fairly well under- 
stood. It would be an exaggeration to claim the same for codimension 2, but reasonably 
general conditions are known under which a given n-manifold functions in this way. In 
particular, the torus is the only orientable exception for n = 2 [S]. To a lesser extent, 
the n = 3, k = 2 case also has been straightened out. Geometric 3-manifolds are ana- 
lyzed almost completely in [6], although a crucial issue still outstanding is whether all 
Lens spaces are codimension 2 fibrators; modulo technical issues regarding fundamental 
groups, every connected sum of nonsimply connected 3-manifolds except P3 # P” is 
a codimension 2 fibrator. Higher dimensional manifolds that satisfy a certain hopfian 
property are codimension 2 fibrators if they have either nonzero Euler characteristic or 
hyperhopfian fundamental groups [8]. With this fairly rich data in hand for the case 
Ic = 2, one can look beyond to higher codimensions. 
To that end, next we list some key results, all stated for a closed (orientable) manifold 
N which is stipulated to be a codimension 2 PL fibrator. If aspherical, N is a codimen- 
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sion 3 PL fibrator (Theorem 5.3). The same conclusion always holds when dim N = 3 
and PI # & * & (Theorem 6.3); if, in addition to dimN = 3, r~z(N) # 0 
and Hi(N) is infinite, then N is a PL fibrator (Theorem 8.9). For lc < 5, N is a 
codimension Ic PL fibrator provided the universal cover of N is closed and (Ic - l)- 
connected (Theorem 5.10). If N is a connected sum of nonsimply connected manifolds 
with ni(N) # Z& * &, Hi(N) = 0 for i = 2,. . . , k - 1, and N has the aforementioned 
hopfian property, then N is a codimension lc PL fibrator (Theorem 5.16); the same con- 
clusion holds for lo 6 5 when the hypothesis on Hi is replaced by: Hi(N; Q) = 0 for 
i = 1,. , k (Theorem 7.2). Finally, an aspherical N whose fundamental group satisfies 
a special cohopfian property and contains no Abelian normal subgroup is a PL fibrator 
(Theorem 8.1). 
Restriction to the PL category has several advantages. The target spaces are standard 
geometric objects, obviously finite-dimensional and locally contractible, features which 
dispel unresolved, troublesome issues prevalent in the general non-PL setting. The chief 
benefit, however, is not so much the simplicial structure of the image as the resulting 
potential for induction, much like in classical PL topology; induction applies to the 
restriction of p over links in the target, which achieves a lowering of fiber codimension 
without changing fiber character. 
Given a PL map p : M + B, one is led to investigate collapses R : S’ + p-’ w, where w 
denotes a vertex of B and 5” the preimage of a star of w relative to B; p is an approximate 
fibration if R restricts to homotopy equivalences p-‘c + p-i w for arbitrary points c in 
the corresponding link. When p-lc, p-’ w are n-manifolds of identical homotopy type, 
this is often confirmed by verifying that R induces H,- and rrt -isomorphisms (the hopfian 
property required of fibers, mentioned earlier, postulates that such isomorphisms ensure 
R : p-‘c -+ p-‘w is a homotopy equivalence). Typically then the strategy in this work 
is to assume p restricts to approximate fibrations over links, to relate homology and 
homotopy data of link fibers with that over the links themselves, and finally to compare 
the latter with the same data over stars, for the data over stars is isomorphic to that for the 
preimage of the associated vertices. The intricate step involves discerning relationships 
between link fibers and link preimages; tools for this purpose include the exact homotopy 
sequence for the approximate fibration over links, spectral sequence analysis, topological 
considerations designed to detect when links themselves are homotopy spheres, and a 
Wang homology sequence for approximate fibrations from closed manifolds to spheres. 
A new property of fundamental groups simplifies recognition of instances when R 
induces rrt-isomorphisms between fibers. A group r is normally cohopjian if every 
monomorphism r + r with normal image is an automorphism. According to Theo- 
rem 4.1, nontrivial free products with one notable exception are normally cohopfian. As 
a major application, if ~1 (N) is normally cohopfian and has no Abelian normal sub- 
group (# 0), where N is an aspherical codimension 2 fibrator, then N is a PL fibrator 
(Theorem 8.1). 
Just as in [7], a global purpose to this effort has to do with motivation and direc- 
tion for future research. The results developed here naturally prompt questions outside 
the PL category. For instance, on the grandest scale, do there exist manifolds N such 
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that a proper map p from an orientable manifold onto an ANR whose point preimages 
are homotopy equivalent to N is necessarily an approximate fibration? Based on PL 
evidence amassed here, this seems likely. Other evidence at hand, however, serves as 
a counterbalancing reminder that the PL category is definitely more restrictive than the 
topological one; certain homology 3-spheres are PL fibrators [7] but cannot behave so 
well in the codimension 4, non-PL setting. 
By way of organization, Section 1 gives basic definitions; Section 2 gives criteria 
under which the image B is a manifold by studying link properties; Section 3 sets 
forth sheaf-theoretic criteria for detecting approximate fibrations among N-like maps; 
Section 4 treats normally cohopfian groups and their applications; Section 5 presents 
results about codimension k > 2 PL fibrators; Section 6 does the same specifically for 
3-dimensional manifolds; Section 7 treats certain rational homology spheres, in not quite 
so low dimensions; Section 8 provides some results about PL fibrators; and Section 9 
proposes several unsolved questions. 
1. Definitions 
A manifald is understood to be connected, metric and boundaryless. When boundary 
is allowed, the object will be called a manifold with boundary. 
A proper map p: M --t B between locally compact ANR’s is called an approximate 
jibration if it has the following approximate homotopy lifting property: given an open 
cover R of B, an arbitrary space X, and two maps f : X -+ A4 and F: X x I A B 
such that pf = Fo, there exists a map F’ : X x I + A4 such that FL = f and pF’ is 
R-close to F. The latter means: to each z E X x I there corresponds U, E 0 such that 
{F(z),@“(z)} c u,. 
To streamline our envisioned applications, we write that a PL map p: M + B has 
Property R E if, for each b E B, a retraction R : U + p-lb defined on some open 
set U 2 p-lb induces 7r1-isomorphisms (RI), : XI (p-* b’) 4 ~1 (p-lb) for all b’ E B 
sufficiently close to b. If this property holds for one retraction R, then it holds for any 
retraction U’ + p -*b defined on another open set U’ > p-lb. 
Recall that a group r is hopfian if every epimorphism 9: r -+ r is an automor- 
phism, while it is cohopfian if every monomorphism @: r + r is an automorphism. 
To repeat the new term from the Introduction, which now in context almost defines it- 
self, r is normally cohopjian if every monomorphism CD: r + r with normal image 
is an automorphism. As in [8], a finitely presented group r is hyperhopjiun if every 
homomorphism $ : r + r with $(r) normal and r/$(r) cyclic is an automorphism. 
The degree of a map f : N -+ N, where N is a closed, connected, orientable n- 
manifold, occasionally called the absolute degree for emphasis, is the nonnegative integer 
d such that the induced endomorphism of H,(N; Z) 2 Z amounts to multiplication by 
d, up to sign. A closed manifold N is hopjian if it is orientable and every degree one 
map N + N which induces a 7ri-automorphism is a homotopy equivalence. The term 
aids in efficiently identifying approximate fibrations. Swarup has established this hopfian 
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feature for closed orientable n-manifolds N with ri(N) = 0 for 1 < i < n - 1 [36] - 
in particular, for all closed orientable 3-manifolds - and Hausmann has done the same 
for all closed orientable 4-manifolds [22]. 
The symbol X is used to denote Euler characteristic. 
Let f : X -+ Y a closed map, A a commutative ring with identity, and m E Z. 
The symbol Um[f; A] denotes the mth cohomology sheaf of f with coefficients in A; 
following standard practice, we employ the shorthand 3Cm[f] in place of 31”[f; Z]. 
A proper map f : X -+ Y with compact ANR point preimages is homology m-stable if 
for each y E Y and neighborhood U of y there exists a neighborhood V of y such that for 
all z E V (a) the natural homomorphism Hi(f-‘z) + Hi(f-‘V) is a monomorphism 
for all i < m, and (b) the image of Hi (f-‘V) + Hi(f-’ U) equals the image of 
Hi(f-‘2) + Hi(f-‘U) for all i < m. 
A simplicial homotopy k-manifold is a triangulated polyhedron B in which the link of 
each i-simplex has the homotopy type of the (Ic - i - 1)-sphere. Unlike polyhedral gen- 
eralized manifolds, where vertices can fail to have Euclidean neighborhoods, simplicial 
homotopy manifolds are genuine manifolds. See [33, Theorem A’] for Ic # 4 and [16, 
Corollary 1.31 for Ic = 4. If an Nn-like PL map Mn+lc + B is an approximate fibration, 
then B is a simplicial homotopy k-manifold [7, Theorem 5.41. 
We say that a proper PL map p : M + B is n-admissible if M is an orientable manifold 
and each p -‘b has the cohomology of a closed, connected, orientable n-manifold (in 
particular, p is onto). 
2. Link properties 
This section offers an assortment of elementary results about links or their preimages 
under the standard sort of PL map. Several of these identify conditions under which 
the image is a manifold or some kind of homology manifold. Recognition of manifold 
images is often decisive for establishing approximate fibration properties. Two technical 
items, Lemmas 2.4 and 2.12, repeatedly find applications later on. 
We start by describing some examples. 
Example 2A. An Nn-like PL map p : Mn+3 -+ B having nonmanifold image. Here B 
is the suspension of P2; Nn can be any product S’ x Nn-’ ; p is the composition of the 
projection M = 5” x S” x N”-’ + S’ x S’ and the S’-like PL map S’ x 5” -+ Susp(P2) 
alluded to in [7, Example 3.41. 
Example 2B. An Nn-like PL map p: Mnf4 --+ B having nonmanifold image, where 
N” has no Cartesian product factorization S’ x Nn-’ as in Example 2A. This evolves 
from the orbit space construction of [5]. Let r be a finite group acting freely on N” 
such that Nn/r M N”, and suppose r also acts freely on S”, both actions PL. Then r 
acts PL semifreely on IR4, fixing only the origin. (To fulfill overriding assumptions, here 
all these r-actions should preserve orientations.) The orbit space Mnf4 = N” x R4/T, 
under the diagonal r-action, admits an N”-like PL map p : Mn+4 A B, where B is the 
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open cone on S”/r and p-‘b is the image in Mn+4 of Nn x z, z E Iw4. For instance, 
this technique applies to N* = Pn # P” (P” = real projective n-space), n odd, which 
rather obviously 2-l covers itself. 
Example 2C. A PL S’-like map p: M” = S’ x S4 -+ B = Susp(S’ x S2) whose image 
is not even a Q-cohomology manifold. Regard S4 as S’ x (- 1, 1) U {y’, y/2}. There 
is a genuine map S’ x S4 + Susp(S’ x S*) with point preimages S’ x {yj} (J’ = 
1,2) and {s} x q-‘(z) x {t}, where s E S’, z E S2, t E (-l,l), and q:S’ --+ S2 
is any Seifert fibration (for instance, the Hopf fibration). The PL S’-like map is the 
modification obtained as in [7]. Of course, by taking products as in Example 2A one 
obtains (S’ x N”-‘)-like PL maps Mn+4 -+ Susp(S’ x S2) for all n. With S6 in place 
of S4, the standard S’-bundle map q: S5 + CP2 gives rise to (5” x Nn-‘)-like maps 
1Mn+6 + Susp(S’ x CP2). 
If p is a proper map defined on a manifold whose point preimages are all codimension 
2 manifolds, a lengthy argument of [12] establishes that the image of p is a 2-manifold. 
The PL setting obliterates difficulties encountered in [12], and we now suggest an ele- 
mentary argument for the PL version of the result. 
Lemma 2.1. Ifp: Mnfk -+ B is an n-admissible PL map, k < 2, then B is a k-mani- 
fold. 
Proof. When k = 1, each b E B separates ome connected neighborhood U so that U \ b 
has two components, because the same is true of p-lb C Mnf’, by duality. No simplex 
of dimension 2 or more is locally separated by interior points, so B is a l-complex. 
Moreover, exactly two arcs abut each vertex, making B a l-manifold. 
When k = 2, the Codimension Reduction Lemma (3.1) of [7] and the previous case 
give that each link L C B is a l-sphere, which suffices. 
Lemma 2.2. If f : K’ + K2 is a surjective simplicial mapping between$nite simplicial 
complexes and t is an integer such that x(f-‘5) = t for all x E K2, then x(K’) = 
t. x(K2). 
This is an immediate corollary of [3, Theorem 4.11. 
Throughout the rest of the paper, in the presence of a PL map p: M + B, ‘u will 
denote a vertex of B, L = Link(w, B), S = star(v, B) = 2r * L, L’ = p-‘L, and 
S’ = p-‘S. These items are understood to arise in the first barycentric subdivision of 
triangulations on which p is simplicial, so that L’ is a manifold [7, Lemma 3.11. 
Lemma 2.3. Suppose t is a nonzero integer and p: Mn+3 -+ B is an n-admissible PL 
map such that x(p-‘b) = t f or all b E B. Then B is a 3-manifold. 
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Proof. Consider a link L of a vertex w E B and the restriction of p to L’. By Lemma 2.1 
L is a closed 2-manifold. As L’ is the boundary of S’, which has the homotopy type of 
P-l% 
x(L’) = 2 x(p-‘v) = 2t. 
Combining this with Lemma 2.2 gives 
2t = x(L’) = t . x(L) 
so x(L) = 2, and L must be a 2-sphere. 
Lemma 2.4. If p : Mnfk + B is an n-admissible PL map, then for 1 < i f Ic - 2 
the inclusion-induced Hi(L’) + Hi (5”) t Hi(p-‘v) are isomorphisms; mareovel; 
Hk-I(L’) + Hk-l(S’) are epimorphisms. If: in addition, each p-lb collapses to an 
n-complex, then the same conclusion holds for homotopy groups in place of homology 
groups. 
Proof. The statements about homotopy groups depend on elementary general position 
properties (and do not require orientability of IvP+~ or p-lb); those about homology 
stem from consideration of the homology sequence of the pair (S’, L’), the deformation 
retraction of S’ \ p-‘TJ to L’, and application of duality to obtain 
Hi(S’, L’) Z Hi(S’, S’ \p-‘v) % H”+k-i(N) = 0 for i < Ic. 
Lemma 2.5. If p: M + B is a PL Nn-like map with Property R ” defined on an 
(n + k)-manifold M, where k > 2, then each vertex link L c B is simply connected. 
Proof. For any c E L and Ic > 2 one sees, using Lemma 2.4 and Property R 2, that the 
inclusion-induced composite 
7rl (p-‘c) -+ 7r1 (p-‘V) Y 7r] (S’) 2 7T1 (L’) 
is an isomorphism. Since p# : ~1 (L’) -+ ~1 (L) is an epimorphism [25, Corollary 2.41, the 
image group is trivial. 
Corollary 2.6. Ifp : Mnfk -+ B is a PL Nn-like map with Property R 2, where k < 4, 
then B is a k-manifold. 
Proof. The cases k < 2 are covered by Lemma 2.1. When k = 3, each link L c B is a 
2-manifold which, by Lemma 2.5, is the 2-sphere. In turn, when k = 4, each link L c B 
is a l-connected 3-manifold and B is a simplicial homotopy 4-manifold. 
Corollary 2.7. Suppose x(Nn) # 0 and p : M -+ B is a PL N”-like map with Property 
R ” defined on an orientable (n + 5)- manifold M. Then B is a 5-manifold. 
Proof. Each link L c B is a l-connected 4-manifold. Exactly as in the proof of 
Lemma 2.3, x(L) = 2, so 02(L) = 0. Being torsion-free, Hz(L) = 0. As a result, 
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L has the homotopy type of S4 (indeed, L then is topologically S4 [16]), and B is a 
5manifold. 
The sharpness of Corollary 2.7 is illustrated by Example 4.1 of [ 131, which provides 
an S2-like PL map &I8 -+ B with Property R 2 (trivially) but nongeneralized manifold 
image. Sharpness of the forthcoming Lemma 2.14 is illustrated by the same example. 
Lemma 2.8. Let p : Mn+lc + B be an n-admissible PL map, k > 2, such that /31 (L) > 
0 for the link L of some vertex v E B. Then for every c E L the homomorphism 
H&-‘c) -+ H&-lv) ’ d m uced by restriction of the PL collapse 5” + p-‘v is trivial. 
Proof. Dydak’s improvement to the Vietoris mapping theorem [ 141 provides a cohomol- 
ogy exact sequence 
0 + HI(L) + Hi = H+-iv) -+ n H+-q. 
CEL 
Hence each II’@-‘v) -+ H’(p-‘c) has infinite kernel. Naturality of Poincare duality 
with respect to continuous maps [29, p. 3981 leads directly to the conclusion. 
Corollary 2.9. ffp : Mn+k + B (k > 2) is an n-admissible PL map such that 7-l’ [p] is 
locally constant, then each link L c B satisjies PI(L) = 0. 
A slightly stronger conclusion holds when p has homological constancy in dimension 1; 
the proof amounts simply to a homological adaptation of one given for Lemma 2.5. The 
stronger version plays a useful role when orientability of links is an issue. 
Lemma 2.10. If the n-admissible PL map p : Mn+k + B (k > 2) is homology l-stable, 
then each link L c B satis$es HI (L) = 0. 
Corollary 2.11. If p : Mn+lc + B (k > 1) is an n-admissible PL map such that 
?t’[p], X2b] are locally constant, then each link L c B satis$es H,(L) = 0. 
Lemma 2.12. If N is a closed orientable n-manifold with 7rk(N) = 0, p: Mn+lc + B 
is an N-like PL map, and L is the link of a vertex TJ E B, then 7rk_, (L’) has an element 
of infinite order and Pk_] (L’) > pk_, (N). If the hypothesis 7rk(N) = 0 is replaced by 
P,(N) = 0, the comparison ,Ok_-l (L’) > flk_-l (N) still holds. 
Proof. For simplicity presume p-’ u is an n-complex. Let s c L’ denote the link of an 
n-simplex 0 C p-’ v relative to M. No multiple of s in nk_, (L’) can be contracted in 
L’, for such a contraction would combine with the cone over this multiple of s from the 
barycenter of g to form a singular k-sphere in S’ having nonzero geometric intersection 
number with p-‘v. However, as rrlc(S’) = TI-~(~-’ w) = 0, this intersection number must 
be 0, a contradiction. For similar reasons, s determines an infinite order element in the 
kernel of the surjection (Lemma 2.4) 
&_r(L’) -_) Hk-t(S’) 2 H,z_,(N), 
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implying Pk-, CL’) > Ok_, (W. 
The argument concerning the homological variation is virtually identical. 
Lemma 2.13. Suppose N is a closed n-manifold with r?(N) = n*(N) = 0, p : Mn+-l + 
B is a PL N-like map, and L C B is a link such that p]L’ is an approximateJibration. 
Then there exist a finite cyclic group C ” 7~( L)/p++(nz( L’)) (possibly trivial) and an 
exact sequence 
1 + C + n,(N) -+ “l(L’) + nl(L) + 1. 
Proof. The relevant portion of the homotopy exact sequence [3] for p/L’ is 
0 = 7r~(N) + YQ(L’) + Q(L) + nl(N) + nl(L’) + nl(L) + 1. 
According to Lemma 2.12, rz(L’) is nontrivial. As L is a closed surface, 7r2(L) then is 
infinite cyclic. Finally, kernel [7rt (N) + 7rt (L’)] ” ~z(L)/p#(7rz(L’)) is finite cyclic. 
This part concludes with two extensions of Lemma 2.3. 
Lemma 2.14. Suppose m > 0, k < 2m + 3, N is a closed orientable n-manifold with 
x(N) # 0 and Hi(N) = 0 for 0 < i < m, and p: Mn+k + B is a PL N-like map. 
Then B is a generalized k-manifold. 
Proof. The cases k = 1,2 are automatic. Inductively, one assumes the link L is a 
generalized (k - 1)-manifold. When k < 2m + 3 Hi (L’) = Hi(M) = 0 for i < 
[(k - 1)/2], and the Vietoris-Begle theorem implies Hi(L) = 0 in the same range, 
in which case L is a homology (k - 1)-sphere. Finally, for k = 2m + 3 one finds 
similarly that L is a generalized (2m + 2)-manifold with Hi(L) = 0 for 0 < i < m + 1. 
As L’ is the boundary of S’ (where S = v * L) and S’ has the homology type of 
p-lv, x(L’) = 2. x(p-‘v) = 2. x(N). In light of Lemma 2.2, 
2. x(N) = x@‘) = x(L) . x(N)> 
and x(L) = 2. It follows that p,+,(L) = 0. Since H”+‘(L) ” H,(L) = 0, H,+,(L) 
is free, and L must be a homology sphere. 
Corollary 2.15. If N is a closed, m-connected n-manifold with x(N) # 0 and 
p:Mn+“+B(k<2 m + 3) is an N-like PL map, then B is a k-manifold. 
Here each link is a l-connected [25] homology sphere, so B is a simplicial homotopy 
k-manifold. 
3. Sheaf criteria detecting approximate fibrations and manifold images 
This section presents sheaf-theoretic criteria implying that a given PL map p is an 
approximate fibration and gives other conditions under which the image of p is either 
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a manifold or some kind of cohomology manifold. By way of reminder, if f : A4 + X 
is a proper map defined on a manifold and X is finite dimensional, then a necessary 
condition for f to be an approximate fibration is that f(M) be a generalized manifold 
([lo, Theorem 3.11 or [30, p. 2901); in the PL setting, it is necessary for f(M) to be a 
genuine manifold, in particular, a simplicial homotopy manifold [7, Theorem 5.41. 
Theorem 3.1. Suppose N is a closed hopfian n-manifold with hopfianfundamental group 
and p : Mnfk -+ B is an N-like PL map. Then p is an approximatejbration if and only 
if Z” [p; Z] is locally constant. 
Proof. Given b E B and an open set U > p-lb that deformation retracts to p-lb, the 
assumption on 3c” implies that U also deformation retracts to p-lb’, for each b’ E B 
sufficiently close to b; that p then is an approximate fibration follows from the Coram- 
Duvall characterization in terms of movability properties [4]. The converse also follows 
from [4]. 
Theorem 3.2. If N is a closed hopjian n-manifold with hop$anfundamental group and 
p: Mnfk -+ B is an N-like PL map such that ?ti[p; Z] is locally constantfor 0 < i < k, 
then p is an approximate$bration. 
Proof. Local constancy of Rtli [p; Z] in the given range implies local constancy of W [p; Z] 
[ill. 
In the nonapproximate fibration PL F-like map p: S2n+’ -+ Sn+’ of [26], the xi- 
sheaf is locally constant for trivial reasons in dimensions strictly less than rz, but the 
W-sheaf is not. Such examples reveal why local constancy of cohomology sheaves at 
least through dimension Ic - 1 is needed for the approximate fibration conclusion. Better 
yet, the examples described in Example 2B of (P” # pn)-like PL maps M7L+2 + Iw2 
which fail to be approximate fibrations show why local constancy of ‘?@[p] is needed 
through dimension lc (in this case, k = 2). 
The subsequent results set forth mild variations to these theorems. 
Theorem 3.1’. Suppose N is a closed hopjian n-manifold and p: Mn+k + B is an 
N-like PL map. Then p is an approximate jibration if and only if p has Property R E 
and W[p; Z] is locally constant. 
Theorem 3.2’. Let N be a closed hopfian n-manifold and p : Mn+’ + B an N-like PL 
map. Then p is an approximate$bration if and only ifp has Property R 2 and W[p; Z] 
is locally constant for 0 < i < k. 
Corollary 3.3. If a closed, hopfian n-manifold N has hopjian fundamental group and 
Hi(N) = 0 for 1 < i < k, then N is a PL codimension k jibrator 
A homological version of Corollary 3.3 appears in [13, Theorem 5.121, but the two 
approaches are a little different. A related result for rational coefficients and k < 5, 
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weakened by the presence of additional fundamental group conditions, appears in Sec- 
tion 7. 
Theorem 3.4, If f : Mnfk + B is an n-admissible PL map such that Xi[f] is locally 
constantfor 0 < i < max(2, [lc/2]}, then B is a generalized k-manifold. 
Proof. The argument proceeds by induction on k, beginning with the classical cases 
k = 1,2 in which B is a genuine manifold, independent of any sheaf-theoretic local 
constancy. The case k = 3 follows from Corollary 2.11. Inductively, one assumes each 
link L c B is a generalized (k - I)-manifold, k > 3, and one then must verify L is a 
Z-cohomology sphere. 
The central step is the claim that Hi(B, B \ II) = 0 for 0 < i < 1 + m where 
m = [k/2] > 2. Once proved, inspection of the cohomology exact sequence for the pair 
(S, L) will confirm that Hi(L) = 0 for 0 < i < m, restriction to m 3 2 will ensure 
orientability of L, and duality will give that L is a cohomology sphere. 
Specify a closed orientable n-manifold N such that p-lb has the same cohomology 
as N through dimension m. The claim itself is based on a spectral sequence argument 
which proceeds by induction on i < 1 + m and involves as supports the families $ of 
all closed subsets of M and 6 = {zI}, the point being that with these supports Hi(B) = 
H”(B, B \ u) and H&+, (M) = Hi(M, M \ f-‘v). Assuming HP(B, B \ w;Z) = 0 for 
p < i, we find using local constancy that HP(B, B\w; W[f]) = 0 for p < i - 1, q < m; 
that is, Et’q = 0 for p < i - 1, q < m. Hence, E,Plq = 0 for r E {2,3, . . . , m} and the 
same values of p, q. This implies that for Hi(B, B \ w; Z) = EiTo we have E;O = Eiao 
for all T. Finally, in the spectral sequence filtration of Hi(M, M \ f-Iv) we see 
JoCJIC...CJi=Hi(M,M\f-‘v) 
2 Free(H,+k_i (f-Iv)) $ Torsion(E&+k+i-i(f-lw)) E 0, 
so 0 = JO = Eg = Hi(B, B \ b), as required. 
In the three ensuing corollaries, insistence on local constancy through dimension 2, 
used in Theorem 3.4 only to obtain orientability of links, can be dropped because other 
conditions produce this effect. 
Corollary 3.5. If N is a closed, orientable n-manifold and p : Mn+lc + B is an N-like 
PL map defined on an orientable (n + k)-manifold, with p homology [k/2]-stable, then 
B is a generalized k-manifold. 
Corollary 3.6. Suppose p : Mn+k + B is a PL N”-like map de$ned on an orientable 
(n + k)-manifold Mn+k such that p has Property R 2 and ‘I-I!” [p] is locally constant for 
O<i<[k/2].ThenB is a (simplicial homotopy) k-manifold. 
Corollary 3.7. If N is a closed, l-connected n-manifold and p : Mn+lc -+ B is an N-like 
PL map defined on an (n + k)-manifold, with Xtli[p] 1 ocally constant for 1 6 i < [k/2], 
then B is a k-manifold. 
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The argument for Theorem 3.4 also works for &-cohomology. Comparable analysis 
does not always succeed with other coefficient rings, for instance, with the rationals, 
because generally Q-orientability of a closed Ic-manifold is detected by Hk (_ ; Q), not 
even by having Hi(_; Q) = 0 for all 0 < i < k. 
Theorem 3.8. Suppose f : A4 -+ B is a PL map defined on a (n + k)-manifold M such 
that each f-lb has the cohomology of a closed n-manifold (where both M and the f -‘b 
are allowed to be nonorientable) and ?Li[f; Z] is locally constant for 0 < i < [k/2]. 
Then B is a I&-cohomology k-manifold. 
Theorems 3.1 and 3.2 have natural analogs for detecting cohomology Ic-manifolds with 
other coefficients. 
Lemma 3.9. Let A be a commutative ring with identity, N a closed A-orientable n- 
manzfold, M a A-orientable (n +- k)-manifold, and p: M + B a PL N-like map such 
that either W[p; A] is locally constant or ‘l@ lp; A] is locally constant for 0 < i < k. 
Then B is a A-cohomology k-manifold. 
Proof. Locally constancy of W[p; A] implies the same for each Ni[p; A], and the latter 
condition is known to yield the cohomology manifold conclusion [ 1 I]. 
Corollary 3.10. If N is a closed n-manifold and p: M”+k + B is an N-like PL map 
for which W[p; Z] is Hausdorfs (both M, N orientable), then B is a Q-cohomology 
k-manifold. 
Proof. Hausdorffness of ?tfl” [p; Z] means that neighborhood retractions R: U + p-‘v 
restrict to maps p-‘c + p-’ v of nonzero degree for c E B sufficiently close to v, and 
universal coefficient theorems show that X”[p; Q] is locally constant. 
Cordlary 3.11. If N is a closed n-manifold and p: Mn+3 -+ B is an N-like PL map 
for which W [p; Z] is Hausdor# then B is a 3-manifold. 
Proof. By Corollary 3.10 B is a Q-cohomology 3-manifold; in particular, every link 
L c B is a Q-cohomology 2-sphere, indicating L is S2. 
4. Normally cohopfian groups 
This section explains, or hints at, the significance of the normally cohopfian concept 
for the study of fibrators and suggests the prevalence of such groups. The initial result 
shows that, with one notable exception, nontrivial free products are normally cohopfian 
(and they are not cohopfian). The final result provides examples of aspherical manifolds 
whose fundamental groups are normally cohopfian but not cohopfian. 
Theorem 4.1. If G1, G2 are nontrivial, finitely generated groups, at least one of which 
is not Z2, then G1 * G:! is normally cohopfian. 
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Proof. Let G = Gt * G2, and assume Gi (i = 1,2) has no further nontrivial decompo- 
sition as a free product. The general case G = Gt * . . . * G,, m > 2, is proved by the 
same means as this special one. 
Suppose +!I :G + G is a monomorphism with H = $(G) a proper normal subgroup. 
Here 1 < [G : H] < co [32]. We will exploit topological covering space methods to 
show that G ” ZZ * &. 
Construct connected 2-complexes Xi with rrr(Xi) 2 G1 (i = 1,2), join them with 
an edge e to form another complex X > Xl U X2, and examine the k-fold covering 
q : X* -+ X corresponding to H, where Ic = [G : H]. Regularity of q ensures that 
the components of q-l (Xi) are pairwise homeomorphic. Let Ki denote a component 
of q-, (Xi). Obviously 91 Ki gives a regular cover of Xi having order Ici dividing Ic = 
[G: H], with kr # 1 or Icz # 1. For definiteness assume ?Q # 1. Moreover, rrt (X”) is a 
free product of Ic/lcr copies of ~1 (K,), k/k* copies of rrt (Kz), and a free group F. 
Examination of first homology groups (Z coefficients) will confirm that F = 1. The 
free part of H, (X’) has rank PI (X’) equal to the sum of (Ic/lct ).,6 (K,), (k/k~)~,O, (Kz), 
and the rank of the abelianized free group, and pt(X*) = /3,(X) = /31 (XI) + ,&(X2). 
Being of finite index in H, (Xi), q* (H, (Ki)) has free part isomorphic to H, (Xi), SO 
,L$ (Ki) > p, (Xi) for i = 1,2. Hence, F = 1. 
Geometrically, this implies that q]K, is l-l (i.e., Icr = l), for otherwise one could 
produce a loop in X* as a composition of paths al yt ~2~2 . . . am-ymr m > 1, where 
q((ri) is contained in one of Xl, X2, q(ai+,) is contained in the other, q(yi) c e, and 
the various rj are pairwise disjoint. Such a loop would necessarily be carried by the free 
part of the graph of groups used to describe rrt (X”). 
The associated free product representation of it has k = k/let copies of 
rrr (K, ) E 7r, (X, ) ES G, and at least one copy of rrt (K2). Uniqueness of indecom- 
posable free product representations [27, p. 2241 of G E rrt (X”) yields first, 2 = Ic/lcr 
and rri~] (K2) ” 1, implying rrt (X2) ” &, and second, 
G,*G, “7r,(K)*7r,(K,)rHZGrG,*iZ2, 
implying G % & * &. 
Gonzalez-Acufia and Whitten employ similar reasoning to derive a related result in 
[ 19, Theorem 2.21. 
Lemma 4.2. Let N be a closed n-manifold which is a codimension k - 1 PL jbratol; 
k > 2, and whose fundamental group is normally cohopjan and contains no Abelian 
normal subgroup, and let p: M + B be an N-like PL map dejned on a PL (n + k)- 
manifold. Then p has Property R “. Moreover; the same conclusion holds when k = 3 
if n, (N) is normally cohopjan and merely contains no cyclic normal subgroup. 
Proof. For the link L of a vertex u E B and any point c E L, the issue reduces to 
showing that rrt(p-rc) + ~1 (L’) is an isomorphism, for by Lemma 2.4 the obvious 
homomorphisms 
7r] (L’) + 7r, (9) t 7r, (p-‘w) 
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are isomorphisms. Since p]L’ is an approximate fibration, we have an exact sequence 
x2(L) -+ Xl(N) + 71.1(-q 
with rrt (N) corresponding to rrt (p-‘c) [3]. The hypothesis excluding nontrivial, Abelian 
normal subgroups of ~1 (N) (or cyclic normal subgroups in case lc = 3) makes Q(L) + 
~1 (N) trivial, the exact sequence above simplifies to 
1 + 7rt(N) + 7rt(L’) = 7r,(N), 
and the normally cohopfian property gives that ~1 (p-‘c) + ~1 (~5’) is an isomorphism. 
Remark. For essentially the same reasons the hypothesis of Lemma 4.2 can be weakened 
just to exclude normal, Abelian subgroups A of rrt (N) such that 7rt (N)/A is isomorphic 
to a normal subgroup of AI (N). 
Corollary 4.3. If the closed n-manifold N is a codimension k - 1 PL$brator; k > 2, 
whose fundamental group is a nontrivial free product other than izz * Zz, then ~1 (N) 
contains no Abelian normal subgroup and every N-like PL map p : M -+ B de$ned on 
an (n + k)-manifold M has Property R E. 
Corollary 4.4. Suppose G is a hopjian group which is a free product of nontrivial groups 
G1 and Gz, where G2 # &, N is a closed, hopfian n-manifold such that ~1 (N) = G, 
and p : Mn+3 -+ B is an N-like PL map dej?ned on an orientable (n + 3)-manifold M. 
Then B is a 3-manifold. 
Proof. Corollary 4.12 and Theorem 5.4 of [8] assure that N is a codimension 2 fibrator, 
and the conclusion follows from Corollaries 4.3 and 2.6. 
The following result generalizes Corollary 4.4. 
Lemma 4.5. Suppose N is a closed, orientable n-mantfold which is a codimension 2 
PLjbratol; ~1 (N) is normally cohopjian and has no cyclic normal subgroups (or merely 
has no finite cyclic normal subgroups if 7r3 (N) = ~2 (N) = 0), and p : Mn+3 + B is an 
N-like PL map. Then p has Property R g and B is a 3manifold. 
Proof. For any link L c B, ~2 (L) is either trivial or infinite cyclic. Indeed, only the 
latter is possible because, in the exact sequence of the approximate fibration plL’, the 
alternative would cause ~1 (L) # 1 in 
I -+ xi(N) -+ rl(L’) Z q(N) + xl(L), (C) 
in contradiction to ~1 (N) being normally cohopfian. Thus, z~(L) = Z. Ruling out cyclic 
normal subgroups forces Z = 7r2(L) + ~1 (N) to be trivial (see Lemma 2.13 about 
.rrs(N) = rrz(N) = 0), and therefore the “1 data again satisfies enough of (C) to imply 
rrt (L) = 1, making Property R E apparent. Corollary 2.6 again shows B is a manifold. 
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Similar ideas also establish the variation below. 
Lemma 4.6. Suppose N is a closed, orientable n-manifold which is a codimension k - 1 
PL jbratol; ~1 (N) is normally cohopjian and has no Abelian normal subgroups, and 
p : iwn+k + B is an N-like PL map. Then p has Property R “. 
Next, some interesting examples among groups of aspherical manifolds, as a contrast to 
the preceding free product examples. In the following statement 2’” denotes the n-torus. 
Lemma 4.7. Let G be the fundamental group of a closed (n + 1)-manifold, n > 2, 
which arises as the mapping torus of a diffeomorphism T” + T” determined by an 
n x n matrix C, where det C = 1 and the eigenvalues of C are distinct real numbers 
# f 1. Then G is normally cohopfan. 
Proof. Consider a monomorphism 1c, : G -+ G with proper, normal image. Clearly 
[G : $(G)] < co. 
Let y E G correspond to the generator of the S’-“factor” in the mapping torus. Since 
7t E $(G) for some integer t > 0, we can assume y E $(G), by considering the 
subgroup generated by ~1 (T”) and Ye, which subgroup has the same form as G, being 
obtained as a mapping torus of a self-diffeomorphism on T” determined by Ct. Now 
the composition of natural functions 
nt (T”) + G + G/$(G) 
is onto, so the image is Abelian. Since the Abelianization of G is infinite cyclic, G/+(G) 
is cyclic, an impossibility, as G is known to be hyperhopfian [6, Lemma 7.11. 
Theorem 4.8. If the closed, orientable 3-manifold N’ has the geometric structure of a 
Sol manifold, then 7~ (N’) is normally cohopfian. 
Proof. Lemma 4.7 takes care of Sol manifolds that fiber over S’. Suppose there exists 
a monomorphism 4 : G + G with proper, normal image, where G = rrt (N’) and N’ 
does not fiber over S’. Name a map f : N” -+ N’ inducing $ and specify a 2-l cover 
19 :N’ + N’, where N’ does fiber over S’. Then 0,(7rr (N’)) does not contain G,(G), 
as the latter would have finite index in the former but Pt(N’) = 1 and /31(N) = 0. 
Form the cover N” + N corresponding to (0,)-‘(B,(G) n $#(7rt (N’))) and lift f to 
f’ : N” + N’. Routinely, f; : (N”) + ~1 (N’) is a monomorphism with proper, normal 
image of finite index, and now we see that ,Bt (N”) > pt (N’) > 0. Since N has a 
unique 2-l cover which fibers over 5”) N” and N’ are homeomorphic, which violates 
Lemma 4.7. 
5. Codimension k > 2 PL fibrators 
This section lays out conditions determining codimension lc PL fibrators. The high- 
lights, listed next, all pertain to a codimension 2 PL fibrator N. It is a codimension 
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3 PL fibrator provided N is aspherical (Theorem 5.3). If the universal cover of N is 
closed and (k - 1)-connected (Ic < 5), then N is a codimension /Z PL fibrator (Theo- 
rems 5.6, 5.8, 5.10). If N is hopfian, YTI(N) is normally cohopfian and has no Abelian 
normal subgroup, and H,(N) = 0 for i E {2,3, . . . , k - 1 }, then N is a codimension k 
PL fibrator (Theorem 5.16). The same conclusion holds if, instead of Hi(N) = 0 in the 
preceding, H2(N) U . . . U H”(N) is in the cohomology subring generated by H’(N) 
(Corollary 5.23). 
The n-sphere represents the basic example of a codimension n fibrator [ 131 which 
fails to be a codimension n + 1 PL fibrator, and it frequently reveals the necessity of 
hypotheses set forth in this section. Many codimension 2 PL fibrators which are not 
PL fibrators have some m-sphere, m > 1, as a Cartesian factor, but there are exceptions 
(unpublished) like real projective (2n + 1)-space, which fails to be a codimension 2n + 2 
PL fibrator. 
Initially we consider a codimension k - 1 PL fibrator N which is either aspherical 
and has hopfian fundamental group (k = 3) or has closed, (Ic - I)-connected universal 
cover (Ic < 5). A technically important Bootstrap Lemma 5.1 is central to the strategy. 
It implies that a PL N-like map p: Mn+k -+ B is an approximate fibration if each 
link L c B is l-connected, a feature often brought about for certain codimensions k 
independent of the manifold M n+k by conditions like those studied in Sections 2 and 4, 
in which case N is a codimension Ic fibrator. 
Later on we study codimension 2 fibrators N for which either Hi(N) = 0 for i = 
2,3, . , k or the corresponding cohomology groups belong to the cohomology subring 
generated by H’(N). 
Bootstrap Lemma 5.1. Suppose N” is a codimension lc - 1 PLJibratol; k > 2, and 
p: Mnfk A B a PL Nn-like map. Then p has Property R 2 if each link L C B is 
2-connected. Furthermore, when ~1 (Nn) is hopjian, p has Property R E’ if and only if 
each link L is l-connected. 
Proof. The relevant portion of the homotopy exact sequence of p[L’ is: 
7r2(L) -+ q(N) 3 q(L’) z x1 (p%) + xl(L) -+ 1. (*) 
Here p has Property R Z if and only if invariably 77 is an isomorphism, which obviously 
occurs if L is 2-connected. When 7~1 (N”) is hopfian, p has Property R E if and only 
if invariably 77 is surjective, and (*) reveals that 7ri (L) = 1 is equivalent to surjectivity 
of 7. 
Lemma 5.2. Suppose Nn is a closed, orientable, aspherical n-manifold and p : Mn+k A 
B is a PL N”-like map, k > 2. Then p is an approximate fibration if and only if p has 
Property R E. 
Proof. Like Theorem 3.1, which subsumes the forward implication, this stems from the 
characterization of approximate fibrations in terms of m-movability conditions [4]. In 
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this case the m-movability conditions are trivial for m > 1 due to asphericity of point 
preimages. 
Theorem 5.3. If the closed, aspherical, orientable n-manifold N is a codimension 2 
PL$bratol; then N is a codimension 3 PL$bratol: 
Proof. In view of Lemma 5.2, given any N-like PL map p: Mn+s + B, we need 
only prove that p has Property R g . Consider a link L C B. Lemma 2.12 gives the 
nontriviality of 7~ (L') , and the homotopy exact sequence of pi L’ then does the same for 
rz(L). Hence L is either S2 or P*. The finite group r~(L)/p++(nz(L’)) of Lemma 2.13 is 
trivial, because ~1 (N) is torsion-free [ 1, p. 1871, so the exact sequence of Lemma 2.13 
reduces to 
1 A rri(N) + q(L’) = 7r1 (p-‘v) -+ ~1 (L) -+ 1, (**) 
where 7r1 (L) is either trivial or of order 2. The latter cannot occur, as rri (N) would have 
an index 2 normal subgroup isomorphic to itself, implying that the associated 2-l cover 
of N is homotopy equivalent to N, an impossibility (the original codimension 2 orbit 
space construction of [5, Section 41 which inspired Example 2B would show that N fails 
to be a PL codimension 2 fibrator). 
Corollary 5.4. If N is a closed, aspherical, orientable manifold, x(N) # 0, and ~1 (N) 
is hopfian, then N is a codimension 3 PLfibratol: 
Proof. The codimension 2 data stems from [8, Theorem 5. lo]. 
The next results concern manifolds N whose universal covers are closed and homo- 
topically (Ic - 1)-connected. They extend developments of [7, Section 51. 
Lemma 5.5. Suppose the closed n-manifold N is a codimension 2 PL jibrator with 
7~1 (N) jinite and P*(N) = 0, and suppose p: Mn+3 -+ B is a PL N-like map. Then p 
has Property R g. 
Proof. This is immediate in light of Lemma 5.1 above and Corollary 3.11 of [7]. 
Theorem 5.6. If the closed n-manifold N is a codimension 2 PL jbrator with q(N) 
finite and Q(N) = 0, then N is a codimension 3 PL jbratol: 
Proof. The transfer theorem of [15] shows Hz(N;Q) c Hz(N*;Q) = 0 (where N’ is 
the universal cover of N), implying /32(N) = 0. Corollary 3.11 of [7] (or 5.6 and 2.6 
here) ensures that B is a 3-manifold, and p is an approximate fibration by Theorem 5.6 
of [7]. 
Lemma 5.7. Suppose the closed n-manifold N is a codimension 2 PL jibrator with 
7~ (N) finite and 7r2(N) = 0, and suppose p : Mn+4 + B is an N-like PL map. Then p 
has Property R E and B is a 4-manifold. 
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Proof. In the usual setting, consider a link L. By Theorem 5.6 p[L’ is an approximate 
fibration. Because L is a 3-manifold with TI(L) finite, x2(L) = 0. From the homotopy 
exact sequence of pj L’ and finiteness of “1 (N), L is 2-connected, and Lemma 5.1 gives 
Property R g. Finally, Corollary 2.6 promises that B is a 4-manifold. 
Theorem 5.8. If the orientable n-manifold N is a codimension 2 PL$brator and has a 
closed, 3-connected universal cover then N is a codimension 4 PLJibrator 
See the proof of Theorem 5.6. 
Lemma 5.9. If the closed n-mantfold N is a codimension 2 PL jibrator and has a 
closed, 3-connected universal cover; and p : Mn+’ + B is an N-like PL map, then p 
has Property R g and B is a 5-manifold. 
Proof. Applying Theorem 5.8 to a link L c B, one obtains the usual exact sequence of 
the approximate fibration pi L’ 
1 = Q(N) = Q(L’) -+ TZ(L) -+ nl(N) + nl(L’) = nl(N) + rl(L) + 1, 
which shows ~1 (L) and %2(L) to be finite. As the 4-manifold L has finite fundamental 
group, TQ(L) is free Abelian and must then be trivial (its universal cover has free Abelian 
homology). Now analysis like that of Lemma 5.7 completes the argument. 
Theorem 5.10. If the n-manifold N is a codimension 2 PL jbrator and has a closed, 
4-connected universal cover then N is a codimension 5 PL$brator 
Corollary 5.11. If the orientable n-manifold N has a compact, (k - 1)-connected uni- 
versal cover (k < 5) and either x(N) # 0 or each element of ~1 (N) has order 2, then 
N is a codimension k PLJibratol: 
Proof. In either situation N is a codimension 2 fibrator [8, Theorem 5.10; 5, Theo- 
rem 5.21. 
Consequently, P2n+‘, n > 1, is a codimension 5 PL fibrator. For another application 
let X2” denote the nontrivial, orientable Y-bundle over P” (m > 1) (i.e., X2” is the 
orbit space resulting from the &-action (~1, ~2) ++ (--XI, -22) on 9” x Sm); note that 
~1 (X2-) g & and X(X”‘“) = 2. By [ 151 and a simple Euler characteristic computation, 
each X4” has the rational homology of S4”. Corollary 5.11 shows that X2m, m > 4, is 
a codimension 5 PL fibrator, while X8 has this PL fibrator property through codimension 
4, X6 through codimension 3, and X4 through codimension 2. Material developed in 
Section 7 will establish that X8 and X4 are both codimension 5 PL fibrators as well. 
At this point we need the following mild modification of a classical concept. 
Wang sequences for approximate fibrations. Let p : M -+ Sk be a PL N-like approx- 
imate fibration; there are exact sequences 
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... + H,(N) + H,(M) + 23,-k(N) + Hq__l(N) + . . . 
. . . + fP(M) -+ W(N) % w-“+‘(N) + w+‘(M) --+ .. . . 
If the second sequence has coefjicients in a commutative ring with a unit, then 
O(U - II) = e(u) - 2, + (-l)(n--l)des% u e(V). 
Remark. If the image C is just a k-manifold with the homotopy type of Sk, the above 
sequences still relate (co-)homology of base and fiber. This is easily checked by naming 
a simplicial cell-like map p: C + S k, thereby obtaining a PL approximate fibration 
pp : M -+ Sk having fiber homotopy equivalent to that of p. 
Basically the proof coincides with that of [34, pp. 452-4561, in which, for the most part, 
one needs only the approximate lifting feature of approximate fibrations, not the stricter 
lifting available for fibrations. In particular, when applied to PL approximate fibrations 
p : E + SY, Corollary 4 is valid for PL reasons; work of Goad [ 181 provides what is 
needed at the top of [34, p. 45.51, guaranteeing the existence of homotopy equivalences 
between C-Y x N, p-‘(C-Y) and C+Y x N, p-‘(C+Y), respectively. 
Lemma 5.12. If the hopjian n-manifold N is a codimension k - 1 PLfibratol; k > 2, 
such that Hk-1 (N) = 0, and p : ibfnfk + B is an N-like PL map onto a k-manifold, 
then p is an approximate$bration. 
Proof. The homology sequence of (S’, L’) shows 
0 + N”-’ (p-iv) E &+i(S’, L’) + H,(L’) + H,(S’) + H,(S’, L’) 
% H”(p%), 
where the first nontrivial term is purely torsion and the last is free. This means that 
Hk-’ (N) represents the torsion subgroup of H,(L’) and H, (L’) surjects to H,(S’). 
Obviously p has Property R g by Lemma 5.1. In the Wang homology sequence of plL’ 
we see 
Duality ensures that H,+k+i (N) Z H”-’ (N) is the torsion group previously identified. 
The final homomorphism H,-k+i(N) + H,_i(N) is trivial, due to the freeness of 
H,_i (N). Consequently, the free part of H,(L’) is carried by H,(N) = H, (p-l c), 
for any c E L, and H,(p-‘c) -+ H,(S’) + H,(p-’ V) is an isomorphism. The result 
follows from Theorem 3.1’. 
Corollary 5.13. Zf the hopjian n-manifold N is a codimension 4 PL jibrator such that 
x(N) # 0, I&(N) = 0, and TI(N) is normally cohopjiun with no nontrivial Abelian 
normal subgroups, then N is a codimension 5 PLJibratol: 
See also Lemma 4.2 and Corollary 2.7. 
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Next we present two applications about codimension 3 fibrators. The first is an imme- 
diate consequence of Lemma 5.12 and Lemma 4.5. The second exchanges a normally 
cohopfian hypothesis for a hopfian one. Following them we provide a straightforward 
extension about codimension k fibrators. 
Theorem 5.14. If the hopfian n-manifold N is a codimension 2 PL jibrator such that 
Hz(N) = 0, and ~1 (N) is normally cohopfian with no cyclic normal subgroup (or with 
no finite cyclic normal subgroup when, in addition, 713 (N) = 7~2( N) = 0), then N is a 
codimension 3 PL fibrator 
Theorem 5.15. If a hopjian n-manifold N satisfies x(N) # 0, Hz(N) = 0, and rTTI (N) 
is hopfian, then N is a codimension 3 PL$brator 
Proof. By [8], N is a codimension 2 fibrator. With any N-like p : Mn+3 --+ B, the image 
is a 3-manifold by Lemma 2.3, so Lemma 5.12 applies. 
Theorem 5.16. If the closed, hopjian n-manifold N is a codimension 2 PLJibrator such 
that Hi(N) = 0 for i = 2,. . . , k - 1 and 7~1 (N) is a normally cohopfian group with no 
Abelian normal subgroup, then N is a codimension k PL$brator 
Proof. Inductively assume N is a codimension i - 1 fibrator, i < k. Lemma 4.2 confirms 
that an arbitrary N-like p : Mn+i -+ B has Property R 2. According to Corollary 3.6, 
B is a simplicial homotopy i-manifold, and again Lemma 5.12 clinches the argument. 
Corollary 5.17. Zfthe hopfian n-manifold N satisjes (a) Hi(N) = 0 for i = 2, . . . , k - 1 
and (b) ~1 (N) is hopfian and a nontrivial free product other than & * Zz, then N is a 
codimension k PL fibrator 
For manifolds N satisfying (b), Corollary 5.17 improves the PL fibrator conclusion 
of Corollary 3.3 by one codimension while relaxing severe limitations on Ht. It also 
assures, for example, that the connected sum of m > 1 copies of S’ x S”-’ (n > 2) 
is a codimension n - 1 PL fibrator; an argument like one to be given for Lemma 6.2 
indicates that such a connected sum actually is a PL fibrator. 
An unusual nt-feature, spelled out in the next result, directly impacts the codimen- 
sion 4 case. When it holds, standard analysis gives Property R E and application of 
Theorem 3.1’ does the rest, just as above. 
Theorem 5.18. Suppose the hopfian n-manifold N is a codimension 3 fibrator such 
that Hi(N) = 0 f or i E (2,3) and ~1 (N) is a normally cohopfian group containing 
no Abelian normal subgroup A for which n-l(N)/A is the fundamental group of a 3- 
manifold. Then N is a codimension 4 PL jbrator 
Theorem 5.19. If N*” is an (n - 1)-connected 2n-mantfold which is a codimension 
n + 1 PL$brator and satisfies Hn(N2,) # 0, then N2” is a codimension 2n PLjbrator 
Furthermore, if x(N’“) # 0, N 2n is a codimension 2n + 1 PL$brator 
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Proof. In the typical induction argument, we find that the link L c B is a (k - 1)-sphere 
for n + 1 < k < 2n (and, by Corollary 2.15, for k = 2n + 1 as well when x(N*“) # 0). 
The homotopy exact sequence reveals 
7riT, (N2”) + 7rn(L’) -+ 7rn(L) = 0 
where x~(L’) Z 7rn (p-l w), by Lemma 2.4. In short, the nth homotopy sheaf is locally 
constant, the same is true of the nth cohomology sheaf, and the fact that cup product is 
a nonsingular bilinear form 
Hn (N’“) x H” (N*“) + H*” (N’“) 
gives local constancy of the cohomology sheaf in dimension 2n. Theorem 3.1 ensures 
the conclusion. 
Corollary 5.20. Suppose N2n is a codimension n+ 1 PLJibrator whose universal cover is 
closed, (n - 1)-connected, but not n-connected, and suppose ~1 (N*“) has no nontrivial 
Abelian normal subgroup. Then N2n is a codimension 2n PL fibrator; moreover if 
x(N*“) # 0, N2n is a codimension 2n + 1 PLfibrator 
Proof. Consider a PL N2n-like map p : Mn+k -+B, 2<n<k<2n+l.Herephas 
Property R g . Localize to make rrt(p-‘b) + ,l(Mn+“) an isomorphism, and study 
the universal cover q : M’ + Mn+k, in which (pq)-’ (b) is homotopy equivalent to the 
universal cover of N*n. By Theorem 5.19 pq is an approximate fibration, and hence p 
is one as well [5, Lemma 2.51. 
Theorem 5.21. Suppose N is a hopfian n-manifold such that either Hn(N) or 
lJf=, Hi(N) is in the subring generated by H’ (N), and suppose p : Mnfk + B is an 
N-like PL map. Then p is an approximate flbration if and only if p has Property R 2. 
Proof. Under this hypothesis clearly ‘#[p; Z] is locally constant for i < k and Theo- 
rem 3.2’ applies. 
Corollary 5.22. Suppose N is a hopfian n-manifold satisfying (1) rrr (N) is normally 
cohopfian and has no cyclic normal subgroup, (2) either Hn(N) or H*(N) U H’(N) is 
in the subring generated by H’ (N), and (3) N is a codimension 2 PLfibrator Then N 
is a codimension 3 PL fibrator 
See also Lemma 4.5. 
Corollary 5.23. Suppose N is a hopfan n-manifold satisfying (1) rrt (N) is normally 
cohopfian and has no Abelian normal subgroup, (2) H*(N) U . . . U H”(N) is in the 
subring generated by H’(N), and (3) N is a codimension 2 PLfibrator Then N is a 
codimension k PL Jibrator 
Proof. Inductively assuming N is a PL codimension j - 1 fibrator (j < k), one finds im- 
mediately from Lemma 4.2, conditions in (l), and Theorem 5.21 that N is a codimension 
j PL fibrator. 
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An alternative to Corollary 5.23 in which Hn(N) is determined by H’(N) is treated 
in Section 8. 
6. 3-manifolds as codimension k > 2 fibrators 
Let N denote any closed 3-manifold which is a codimension 2 fibrator. The main result, 
Theorem 6.3, essentially shows that all such N are also codimension 3 PL fibrators. 
Better yet, N is a codimension 4 PL fibrator if either it is aspherical and has normally 
cohopfian fundamental group (Theorem 6.5) or it is a connected sum with P*(N) > 0 
(Theorem 6.7). 
Loosely speaking, n-manifolds which are codimension 2 but not codimension 3 fibra- 
tors seem to have something like an S2 Cartesian factor. The metaphysical explanation 
then for the main result is that the only closed S-manifold with S2 as Cartesian factor is 
St x S2, which fails to be a codimension 2 fibrator because of the other factor. 
Lemma 6.1. Suppose N is closed orientable n-manifold such that pi(N) > 0 for some 
0 < i < n, and suppose f : N + N is a map that induces isomorphisms of Hi(N) and 
Hnei(N). Then f has absolute degree 1. 
Proof. Let 77 E H,(N) denote a fundamental class and d the degree of f (i.e., f*(q) = 
d. 77). Take an indivisible element c E Hi(N). Choose t’ E H;(N) such that f* (6’) = [, 
and then identify Y’ E H”-i(N) such that n - Y’ = I’. Finally, find Y E Hnvi(N) 
such that f*(v) = Y’. Naturality of Poincare duality gives 
E = f&‘) = f* (n - f*(v)) = f*(n) - v = d. (77 - v) 
and indivisibility of < implies d = rt 1. 
Addendum to Lemma 6.1. The argument actually shows that the map f has degree 1 
merely if it induces isomorphisms of Hnmi and if some indivisible element t E Hi(N) 
belongs to the image of f+. 
Lemma 6.2. UN’ is codimension 2 PLfibrator with N” = N’# N”, where ,& (N’) > 0 
and ~1 (N”) # 1, then N3 is a codimension 3 PLfibratol: 
Proof. For any N3-like PL map p: &I’+’ + B, again every link L c B is a 2-sphere 
(Lemma 4.5), so Corollary 4.3 certifies that p has Property R g. 
First we suppose N” = (5” x S2) # N”. Examining the exact homotopy sequence of 
PIL' 
"&A) + 7Q(L’) 3 z 
and applying Lemma 2.4, we see that 7rz(p-I c) + 7rz(S’) + 7~(p-‘v) is almost onto, 
in the sense that ?r2(p-*w) is generated by the image of rrz(p.‘c) and just one other 
element. Name the Hurewicz homomorphism 
0 : TQ(~-‘IJ) -+ H&I%), 
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and specify an indivisible element [z] E Hz(p-‘v) such that [z] E @(~(p-‘Y)) (i.e., 
[z] corresponds to a generator of image{Hz(point x S2) -+ Hz(p-’ w)}). In the universal 
cover of p-‘v one can find infinitely many lifts of point x S2 which carry linearly 
independent elements of Hz (select so no finite collection cobounds). In other words, 0 
has infinitely generated kernel. As a result, 
Hz@‘c) -+ Hz(S) + Hz(p-‘v) 
has [z] in its image. As the standard map T :p-‘c + p-‘V induces a 7rt-isomorphism, 
it does the same for H1 and H’. Now the Addendum to Lemma 6.1 implies that the 
standard map p-‘c -+ p- ‘V has absolute degree 1. Theorem 3.2’ confirms that p is an 
approximate fibration. 
Secondly, we assume N has a connected summand N’ whose fundamental group is 
infinite but not cyclic. Translating Property R g, we have that the usual composite 
f : 7r’ (p-b) + m(L’) + m(S’) + Tl (P-‘2)) 
is an isomorphism, and f is a homotopy equivalence by [35, Theorem C]. Again p is an 
approximate fibration. 
Theorem 6.3. Every codimension 2 PL jibrator N” such that x’ (N’) # & * Zz is a 
codimension 3 PL jibratol: 
Proof. When 7ri(Ns) is finite, the assertion follows from Theorem 5.6 (or Lemma 5.5 
and Corollary 2.7, or see [7, Corollary 5.71); similarly, when ~1 (N3) is infinite and 
n2(N3) = 0, it follows from Theorem 5.3. 
Consider then N’ for which 7r2(N3) # 0. Since S’ x 5’ fails to be a codimension 
2 fibrator, N” must be a nontrivial connected sum. We obtain the desired conclusion 
when ,Si (N’) = 0 from Theorem 5.14 and otherwise from Lemma 6.2. 
Theorem 6.3 could be stated more simply, without excluding ZZ * Z2, if it were known 
that closed 3-manifolds with fundamental group Z2 are homotopy equivalent to P3. 
Corollary 6.4. If p: M6 -+ B is a PL N’-like map, where N” is any codimension 2 
PL jbratol; then B is a 3-manifold. 
Proof. The combination of Theorem 3.2’, Corollary 4.3, and Lemma 2.6 disposes of the 
case 7rt(N3) # Z2 * Z2, and Corollary 3.12 of [7] takes care of the exception. 
Theorem 6.5. If the closed, aspherical, orientable 3-manifold N is a codimension 2 
PL jibrator and ~1 (N) is normally cohopjian, then N is a codimension 4 PL fibratol: 
Proof. Our aim is to prove that every N-like PL map p : M’ + B has Property R Z 
Consider any link L c B. By Theorem 5.3 N is a codimension 3 PL fibrator. Lemma 2.12 
gives the nontriviality of 7rs (L') , and the exact sequence of pi L’ does the same for xs (L). 
In other words, L fails to be aspherical. 
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Case 1: nt(L) finite. Then I = 0, as L is covered by a homotopy 3-sphere. 
The normally cohopfian hypothesis implies that L is simply connected, so Lemma 5.1 
applies. 
Case 2: 7rl(L) infinite. Here L is either S’ x S2 (up to homotopy) or a nontrivial 
connected sum. The latter cannot occur, as “z(L) would then contain an infinitely gen- 
erated free Abelian group, which would inject to ~1 (N), but every infinitely generated 
Abelian subgroup of a 3-manifold group is isomorphic to a subgroup of the rationals. 
Otherwise, in the former circumstance, we would have an exact sequence 
l+Z+7r,(N)+7r,(N)+Z+l; (*) 
up to homotopy equivalence, N would fiber over S’ (by work of Stallings, cf. [23, The- 
orem 11.61) and also would be Seifert-fibered, as ~1 (N) has an infinite cyclic normal 
subgroup [2,17]. The only such codimension 2 fibrators (with respect to orientable su- 
permanifolds) have Nil geometric structure and are circle bundles over the Klein bottle 
[6, Corollary 6.61, but these Nil manifolds all possess hyperhopfian fundamental groups 
[6, Lemma 6.41, contrary to (*). 
The first result of Section 8 extends Theorem 6.5 significantly. 
Lemma 6.6. Suppose n > 2, Nn is a hopfian manifold which is a PL codimension n 
jibrator and which satisfies pi(Nn) > 0 for some 0 < i < n, and p: Mn+cn+‘) + B is 
an Nn-like PL map onto an (n + I)-manifold B. Then p is an approximatefibration. 
Proof. Localize to an arbitrary link L, where then by hypothesis p/L’ is an approximate 
fibration. Applying the Wang homology sequence to p/L’ : L’ + L, we find that 
Hj (p-‘c) + Hj(L’) + 0 ” Hj_-n (p-‘c) 
for all j < n. As Hj(L’) + Hj(S’) 1s an isomorphism, the collapse S’ + p-‘V restricts 
to a map f : p-‘c + p-‘V inducing rrt - and Hj-isomorphisms. Obviously then f induces 
Hi- and Hn@-isomorphisms, so f has degree 1 by Lemma 6.1. Finally, since Nn is 
a hopfian manifold, f is a homotopy equivalence, and therefore p is an approximate 
fibration. 
Remark. S” reveals the necessity for the ,0i > 0 hypothesis in Lemma 6.6. 
Theorem 6.7. If the closed 3-manifold N is a codimension 2 PL fibrator satisfying 
PI (N) > 0 and ~1 (N) is normally cohopjan, then N is a codimension 4 PL fibratol: 
Proof. Theorem 6.5 disposes of aspherical 3-manifolds, so assume N to be a connected 
sum of nonsimply connected manifolds and consider an N-like map p: M3f4 -+ B. 
Theorem 6.3 ensures N is a PL codimension 3 fibrator, Corollaries 4.3 and 2.6 combine 
to imply that B is a 4-manifold, and Lemma 6.6 certifies that p is an approximate 
fibration. 
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Other results about 3-manifold fibrators, as well as improvements to Theorem 5.10, 
can be found in [9], a sequel to this paper. 
7. Rational homology spheres as codimension k > 2 fibrators 
For n = 4,5 we prove that rational homology n-spheres having nice fundamental 
groups are codimension n PL fibrators. 
Lemma 7.1. Let N be a hopfian n-manifold such that N is a codimension k - 1 PLJi- 
brator and S, (N) = &_1 (N) = P,(N) = 0. Then every N-like PL map p: Mn+k + B 
to a k-manifold, k < n, with Property R g is an approximate$bration. 
Proof. The hypotheses on p,_, and pk fit into the homology sequence of (S’, L’) to 
immediately reveal that IS, (L’) = 2 @ Hk-’ (N) , and then the Wang exact sequence of 
PIL’ 
H,(p-‘c) + H,(L’) + Hn_k+l(N) ” H”-‘(N) --) H,-I(N) = 0 
shows that the free part of H,(L’) . IS carried by H,(p-‘c), for any c E L. Returning to 
the first sequence, we have 
H,(L’) + H,(S) + H,(S’, L’) + H,_,(L’) + H,-,(S’) ” 0, 
where H,(S’, L’) ” H”(N). Now 
Hk-, (L’) = Hk_1 (N) 
by Lemma 2.4, so 
H,_l(L’) ” H’“(L’) 2 H”(N). 
Hence, Hn(S’, L’) -+ H,_l(L’) . IS an isomorphism and H,( L’) + H,(S’) is surjective. 
Finally this makes the composite 
H&I%) + H,(L’) + H,(S’) + H&r-‘w) 
an isomorphism, and Theorem 3.1’ gives the conclusion. 
Theorem 7.2. Suppose the hopfan n-manifold N is a codimension 2 PLJibratol; ~1 (N) 
is normally cohopflan and contains no Abelian normal subgroup (# 0), and @i(N) = 0 
for i = 1,. , k, where k < 5. Then N is a codimension k PLflbrator 
Proof. When j < k < 5 Lemma 4.2, Corollary 2.6, Lemma 7.1, and induction imply 
N is a codimension j PL fibrator. For any PL N-like map p : AJP+~ + B, the Vietoris- 
Begle theorem with Q-coefficients then confirms that links L c B are l-connected 
Q-homology (k - 1)-spheres. As a result, Hz(L; Z) = 0 (since the second homology 
of a l-connected 4-manifold is free), and B is a simplicial homotopy k-manifold. Now 
Lemma 7.1 applies. 
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Theorem 7.3. Suppose the closed 4manifold N is a codimension 2 PLfibratol; ~1 (N) 
is normally cohopjian and has no nontrivial Abelian normal subgroup, and ,6,(N) = 
P*(N) = 0. Then N is a codimension 4 PL$brator 
Proof. The Ic = 4 case depends on Lemma 5.12, not Lemma 7.1 
Corollary 7.4. Suppose N is a closed 4-marCfold such that PI (N) = P*(N) = 0 and 
~1 (N) is hop$an, normally cohopjan and has no Abelian normal subgroup (f 0). Then 
N is a codimension 4 PL$brator 
Corollary 7.5. The mantfold X4 described in Section 5 is a codimension 5 PLjbrator 
See Corollary 5.20 for codimension 5. 
Theorem 7.6. Suppose the hopjian 5-manifold N is a codimension 2 PL jibrator; 
PI(N) = &(N) = 0, and r](N) is normally cohopjan and contains no nontrivial 
Abelian normal subgroup. Then N is a codimension 5 PLBbrator 
Proof. The k = 5 case relies upon Lemma 5.12 and also the argument in the earlier 
Theorem 7.2 that any N-like PL map p: Ml0 + B has manifold image. 
Corollary 7.7. If the hopjian 5-manifold N satisfies (a) pi (N) = Pz(N) = 0 and 
(b) ~1 (N) is hyperhopjian, normally cohopjian, and contains no nontrivial Abelian nor- 
mal subgroup, then N is a codimension 5 PL$brator 
8. PL fibrators 
In this part we derive the broadest payoffs to the previous material, by identifying three 
types of PL fibrators, with no codimension restrictions. One consists of aspherical man- 
ifolds (Theorem 8.1), which are determined by somewhat more stringent rri-conditions 
than those of Theorem 5.3. Another is a fairly large class of connected sums (Corol- 
lary 8.7), where the coarse limitations affect only one of the summands. The third consists 
of 3-manifolds which are connected sums and have infinite first homology (Theorem 8.9). 
Theorem 8.1. Let N be a closed, aspherical, orientable n-manifold which is a codi- 
mension 2 PL fibrator Suppose ~1 (N) has no proper normal subgroup isomorphic to 
~1 (N)/A, where A itself is an Abelian normal subgroup of ~1 (N). Then N is a PL ji- 
brator 
Proof. By induction on 5. Here the hypothesis implies triviality of 7rl(L) t ~1 (N), as 
the standard exact sequence provides an isomorphism between rri(N)/im(n2(L)) and a 
normal subgroup of rri (L’) s rri (N). C onsequently the ri-part of the sequence reduces 
to 
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Since 7rr (L’) = 7rr (N) is normally cohopfian, p has Property R E’, so it is an approximate 
fibration by Lemma 5.2. 
Corollary 8.2. Let N be a closed, aspherical, orientable n-manifold which is a codi- 
mension 2 PL fibrator Suppose ~1 (N) is normally cohopjian and has no nontrivial, 
Abelian normal subgroup. Then N is a PL fibrator: 
Corollary 8.3. If the closed, orientable, hyperbolic n-manifold N is a codimension 2 
PL fibratol; then N is a PL jbrator: 
Proof. Basic geometric considerations imply that every finitely generated, Abelian 
subgroup of ~1 (N) is infinite cyclic and, therefore, that no infinite cyclic subgroup 
r c ~1 (N) is normal - otherwise F, g2 (g E ~1 (N) \ r) would generate a free Abelian 
group of rank 2, as long as no multiple of g belongs to r. No nontrivial y E ~1 (Iv) is 
infinitely divisible either; to see why, examine the universal cover, where each nontriv- 
ial deck transformation has a unique invariant axis. As a result, y and all its divisors 
leave the same axis invariant, but this fact makes infinite divisibility incompatible with 
discreteness of the group of deck transformations. Hence, rrl(N) contains no Abelian 
normal subgroup (# 0). Volume considerations indicate all such ~1 (N) are cohopfian 
[21, p. 1471. 
Corollary 8.4. If N is a Cartesian product of closed, orientable surfaces, each having 
negative Euler characteristic, then N is a PL jbrator 
Proof. Such manifolds N are codimension 2 fibrators [24]. One can use nontriviality 
of x(N) and a covering space argument to show that ‘TTI (N) is cohopfian, and one can 
determine more easily that ~1 (N) has no Abelian normal subgroup, since none of its 
direct factors does. 
Corollary 8.5. Any closed, orientable 3-manifold with either hyperbolic, SL2(R), or Sol 
geometric structure is a PLfibrator: 
Proof. Such manifolds are all codimension 2 fibrators [6]. 
In the Sol case, Theorem 4.8 assures that wl (N) is normally cohopfian. Let C denote 
the commutator subgroup of ~1 (N). Using [3 1, pp. 470-4721 one can see that an Abelian 
normal subgroup A # 0 satisfies [C : C n A] < 00. Hence G = ~1 (N)/A cannot be a 
subgroup of 7rt (N); if A were properly contained in C, then G would have torsion, which 
is ruled out by asphericality of N; otherwise, G would be cyclic, with the finite case 
again prohibited due to torsion and the infinite outlawed as well (the quick explanation 
is that by [2, 171 this illegally would put a Seifert fiber space on N [31, Theorem 5.31, 
but one can dig this more directly out of [31] as well). 
When N is an SL2(JR) manifold, ~1 (N) is cohopfian [20]. Any finitely generated 
Abelian subgroup of ~1 (N) is free (Abelian) of rank < 2 [3 1, Theorem 4.151. Suppose 
xl(N) contains a normal subgroup G E ~1 (N)/A, where A # 0 is a finitely generated 
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Abelian, normal subgroup. Then G itself would be non-Abelian. Should [xi(N) : G] 
= co, G would be the group of some closed surface of negative Euler characteristic 
[23, Theorem 11.1(3)], which is impossible [31, p. 4661. On the other hand, should 
[ni(N) : G] < 00, G itself would be the group of a closed SLz(W) manifold, and we 
would have an exact sequence 
Again A # Z is eliminated by [23, Theorem 11.1(3)], while A = Z implies A is the 
subgroup determined by a regular fiber of a Seifert fibration [2,17]. The latter would 
make G also the fundamental group of the associated orbifold, which, being torsion-free, 
would be the group of a hyperbolic 2-manifold (the orbifold would have no cone points), 
an impossibility. Moreover, 7~1 (N) contains no infinitely generated Abelian subgroup. 
Swarup (35, Theorem 3.81 proves this in case IHI( = 00, and the general case 
follows the infinite order one upon passage to a finite index subgroup of rri (N) having 
infinite Abelianization. 
An induction argument expanding that of Corollary 5.23 yields: 
Theorem 8.6. Suppose N is a hopfian n-manifold satisfying (1) ~1 (N) is normally 
cohopfian and has no proper normal subgroup isomorphic to 7~1 (N)/A, where A itself 
is an Abelian normal subgroup of nl(N,) (2) H”(N) is in the subring generated by 
H’(N), and (3) N . 1s a codimension 2 PL jbrator Then N is a PLJibrator 
Corollary 8.7. Suppose Nl# N2 is a hopfian n-manifold, where N1, N2 are ctosed, ori- 
entable, PL manifolds with nontrivial, residually finite fundamental groups, and suppose 
H”(Nl) is in the cohomology ring generated by H’(N1). Then Nl # N2 is a PLJibrator 
Corollary 8.8. Let N2 be any closed, orientable, PL n-manifold such that ~1 (N2) is 
residually finite, and let Nk be either (n = 3) the product of S’ and any sphere with 
g > 1 handles or (n = 4) the product of any two nonsimply connected orientable 
St.&aces. Then N1 # N2 is a PL$brator 
In these circumstances Ni # N2 is known to be hopfian [22]. 
Theorem 8.9. If the closed 3-manifold N” has ,& (N’) > 0 and is a connected sum of 
nonsimply connected manifolds, each with residually finite fundamental group, then N’ 
is a PLJibrator 
Proof. Here q (N”) has a wide variety of hopfian properties: it is hyperhopfian [8, 
Theorem 4.111, normally cohopfian, and has no interesting Abelian subgroups. In partic- 
ular, N” is a codimension 2 PL fibrator. Inductively assuming it is one in codimension 
lc - 1, one can recycle the argument of Lemma 6.2 for an arbitrary Ns-like PL map 
p : M”+k + B to derive that N’ is a codimension Ic PL fibrator. 
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Manifolds with the homotopy type of Pn #P” (n odd) stand as the only connected 
sums known not to be PL fibrators. 
Finally, an induction argument based on Lemma 5.12 yields: 
Theorem 8.10. If a hopfian n-manifold N” is a PL codimension n + 1 jibratol; then 
every PL N-like map p : M + B with manifold image is an approximate jibration. 
9. Unsolved problems 
Problem 9.1. To what extent are these results valid for non-PL N-like maps p : Mn+k -+ 
B when B is an ANR (when B is a k-manifold)? Same general question for PL maps 
p : Mn+k -+ B such that each p-lb has the homotopy type of N but does not necessarily 
collapse to an n-complex? 
Problem 9.2. Does the set of all codimension lc PL fibrators coincide with the dimension 
Ic (non-PL) fibrators for Ic = 2? for Ic = 3? 
Problem 9.3. Find a aspherical codimension 2 fibrator which is not a PL fibrator. 
Problem 9.4. If Nn is a codimension n + 1 PL fibrator, is it a PL fibrator? 
Problem 9.5. If x(N) is odd, is N a PL fibrator? a fibrator? 
Problem 9.6. If ~1 (N) is a nontrivial free product other than i& * &, is N a PL fibrator? 
Problem 9.7. Is every rational homology n-sphere besides Pn # P” a codimension n 
PL fibrator? What if it is covered by S”? 
Problem 9.8. Is NI x N2 a codimension k PL fibrator if both factors are? 
Problem 9.9. If N” is a codimension Ic - 1 PL fibrator and p: Mn+k -+ B is N”-like, 
is B a k-manifold? 
Problem 9.10. Given an Nn-like p: Mn+3 + B, is B a Q-homology manifold with 
boundary? (Are links either S2 or P2?) What if N” is a codimension 2 fibrator? 
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